Electromagnetic field with induced massive term: Case with scalar field 
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We consider an interacting system of massless scalar and electromagnetic field, with the 
Lagrangian explicitly depending on the electromagnetic potentials, i.e., interaction with bro- 
ken gauge invariance. The Lagrangian for interaction is chosen in such a way that the elec- 
tromagnetic field equation acquires an additional term, which in some cases is proportional 
to the vector potential of the electromagnetic field. This equation can be interpreted as the 
equation of motion of photon with induced nonzero rest-mass. This system of interacting 
fields is considered within the scope of Bianchi type-I (BI) cosmological model. It is shown 
that, as a result of interaction the electromagnetic field vanishes at t — > oo and the isotropiza- 
tion process of the expansion takes place. 
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I. INTRODUCTION 

The hypothesis of possible nonzero photon mass has long been discussed in the literature [Q]- 
0]. The modern experimental data do not contradict this hypothesis ||5- 13]. So it is interesting to 
consider some additional arguments for or against this hypothesis. As one of such arguments can 
serve experimental data of modern observational cosmology, which witnesses the isotropy of the 
Universe. It is interesting to combine this fact with the description of matter by means of system 
of interacting fields including the electromagnetic one. It comes out that in a number of cases 
consideration of such system in cosmology happens to be equivalent to the photon mass. In this 
paper we consider one of the simplest systems comprising with mass-less scalar and electromag- 
netic fields and study the influence of such interaction on the expansion of the Universe in the 
asymptotic region. 

II. BASIC EQUATIONS AND THEIR GENERAL SOLUTIONS 

We choose the Lagrangian of the interaction electromagnetic and massless scalar fields within 
the framework of a BI cosmological gravitational field in the form 

j£f=A_l F F MV + 1 ,r,^ ^ =(1 +*(/)), (2.1) 
Zx 4 Z 

with/ = A M A^. 

We consider the BI metric in the form 

ds 2 = e 2a dt 2 - e 2 ^dx 2 - e 2lh dy 2 - e 2 ^dz 2 . (2.2) 

The metric functions a, fa , fa, fa depend on t only and obey the coordinate condition 

a = fa+fa + fa. (2.3) 

Written in the form 

RI = -x(t;- 1 -8;t), (2.4) 
the Einstein equations corresponding to the metric (12.21) in account of (|2.3I) read 

e- 2a (a-a 2 + ff + /3 2 2 + +/3 3 2 ) = -x(r °-V), (2.5a) 

C - 2a A = -x(r 1 1 -ir) ) (2.5b) 
e -2ccp 2 = _J T 2_K\ (2 _ 5c) 
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/3 3 = -x(T 3 J --r), (2.5d) 

where over dot means differentiation with respect to t and Ty is the energy-momentum tensor 
of the matter fields. 

Variation of (12.11) with respect to electromagnetic field gives 

1 d f __,„a / „\ .„ „ ,„ d<3 



-g dx v 



(V^^ V )-(W V )^ = 0, (2.6) 
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The scalar field equation corresponding to the Lagrangian (12.11) has the form 

1 d 



^^>, v ^) =0. 



The energy-momentum tensor of the interacting matters fields has the form 



(2.7) 



- 8 V 



1 1 



(2.8) 



We consider the case when the electromagnetic and scalar fields are the functions of t only. Taking 
this in mind we choose the vector potential in the following way: 

A M = (0,Ai(0,A 2 (0,A 3 (0)- (2-9) 
In this case the electromagnetic field tensor F^ v has three non-vanishing components, namely 

%=A b F 02 =A 2 , F 03 =A 3 . (2.10) 
On account of (12.91 ) and (12.101) we now have 



/= _ A 2 e -2/3 1 _ A 2 e -2fe_ A 2 e -2fe ; 

F^ V = -2e- 2a {A\e- 2 ^ +A 2 2 e~ 2 k +A 2 e - 2 ^). 



(2.11) 
(2.12) 



Let us now solve the scalar field equation. Taking into account that <p = <p(t), from the scalar field 
equation one finds 



,H _ % -2a 



On account of (12.101 ) and (12.131 ) for electromagnetic field we find 



<Po = const. 



(2.13) 



cl 
dt 


(Aie 


-2ft > 


-q$P[Aie 


-2ft 


= 0, 


d 
dt 


[A 2 e 


-2ft^ 


- (?lPiA 2 e 


-2ft 


= 0, 


d 
dt 


A 3 e- 


-2ft> 


- <p$PiA 3 e 


-2ft 


= 0, 



(2.14a) 
(2.14b) 
(2.14c) 



where we set P(I) = 1 

Finally, let us solve the Einstein equations. In doing so, let us first write the nonzero com- 
ponents of the energy momentum tensor of material fields. In view of (12.131) from (12.81) we find 
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+ 1 [A\e- 2 ^ +A 2 2 e- 2 ^ +A 2 3 e- 2 ^ 

,2 



„-2a 



M + 1 (A^-2/3, - A 2 ^ -A 2 ^) + (p 2 /^ 2 ^ 1 
+ i (A 2 e - 2 & - A 2 e- 2 ^ -A 2 ^') + cpiPjAje-^ 

2 



2 2 



f - ( A^e- zp3 - k\e- 2 ^ -k\e- 2 ^ ) + <^P/Af<r 2 & 



-2a 



--2a 



--2a 



?2 = (A l A 2 + ( pip I A l A 2 y- 2a - 2 ^, 

T 3 2 = (a 2 A 3 + (piP I A 2 A 3 y- 2a - 2 ^ l 

r 1 3 =(A 3 A 1 + ( P 2 /' / A3A 1 )e- 20! - 2 ft. 



From (|2.15l) one also finds 



<vlP + <plPi{A\e- 2 ^ +A\e- 2 ^ +A 2 3 e~ 2 fc 



,-2a 



-2a 



The triviality of off-diagonal components of the Einstein tensor for BI metric leads to 
that gives 



r 2 1 = r 3 2 = r 1 3 = o, 



MM _ A2A3 _ A3A2 
AiA 2 A 2 A 3 A3A1 



<PoPi- 



From (12.181) one finds 



M _ M _ A3 
Ai A 2 A3' 

that leads to the following relations between the three components of vector potential: 

Ai=A, A 2 = C 2 iA, A 3 =C 3 iA, 



(2.15a) 

(2.15b) 

(2.15c) 

(2.15d) 
(2.15e) 
(2.15f) 
(2.15g) 

(2.16) 

(2.17) 
(2.18) 
(2.19) 
(2.20) 



with C 2 i and C31 being constants of integration. 

In view of (|2.19l) and (12.181) the diagonal components of the energy momentum tensor take the 
form: 



r ° = -7? 



. T 2 = _ T 3 = ^0 



p+m 



-2a 



Inserting (12.211) into (12.51) for the metric functions one finds: 

a - a 2 + $? + /3 2 2 + /3 3 2 = -x<p 2 [P + m] , 
J81 =0, 
j8 2 = 0, 

$3=0. 

From (122251) . (122231) and (IT22dl) we find 

j8i =^i? + /3io, p 2 = b 2 t + j5 20 , = b 3 t + p 30 . 



(2.21) 

(2.22a) 
(2.22b) 
(2.22c) 
(2.22d) 

(2.23) 
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Here b[ and /3,o are integration constants. It should be noted that in order to maintain the same 
scaling along all the axes, the constants /3,o should be the same, hence, without losing generality 
one can set /3,o = 0. 

Now let us go back to the electromagnetic field equations (12.141) . which can be arranged as 



MJ + \i) -H^ft-«ft=<>, (2 - 24a) 

(i)-(D 2 - 2 (i)ft-^-. 

In view of (12.191 ) from (12.241) we conclude that 

$i=$2 = $3, (2.25) 
which is equivalent to b\ = b 2 = bj, = b in (12.231) . i.e. 

Pl=f3 2 = P3 = bt. (2.26) 

As one sees from (12.261 ) we have isotropy at any given time. 

Now taking into account that both A 2 and A3 can be expressed in term of A\ one could solve 
only one of the three equations of (I2.14I ). In view of (12.201) and (12.261 ) let us first rewrite (12.111 ) as 
follows 

/ = -QA 2 e- 2ht , Q=[\ +C 21 +C 31 ]. (2.27) 
In view of (12.181) and (12.261) the equation for A now reads 

AA +A 2 — 2MA = 0. (2.28) 

One of the solutions to the equation (12.281) takes the form 

A = De ht , (2.29) 

with D being the constant of integration. 

Let us now find the interaction corresponding to the solutions obtained. Here we consider a 
few cases. 

Case I Let us assume P be the power law of /: P(I) = XP, where A is the coupling 
constant. For A = 0, we have = 1 . This corresponds to the self-consistent system of scalar 
and electromagnetic fields with minimal coupling. The off-diagonal component of the energy- 
momentum tensor we write in the form 

A 2 + qfiPjA 2 = 0. (2.30) 
Inserting A from (12.291) in this case we find 

b 2 = -Xn(pll n - X . (2.31) 
From (12.311) it becomes obvious that n=l, that gives 

b 2 = -X(pl (2.32) 
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From (12.321) one concludes that A is negative. Setting A = — £ one finds 

b 2 = <> 2 . (2.33) 

On the other hand from (I2.22al) we find 

3& 2 = -£x<^/. (2.34) 

From (12331) and (12341) we find 

/ = -- = -D 2 (l + C 2 2i +C 3 2 !), (2.35) 
x 

where the second equality follows from (12.271) . 

Let us now once again go back to the electromagnetic field equations, which in this case reads 

A + 2bA + b 2 A = 1 (2.36) 

which is a Fock-Proca type equation. The equation (12.361) shows that the photon mass is directly 
related to the gravitational field. In case of b = 0, i.e., in case of flat scape-time we have usual 
Maxwell equation 

A = 0. (2.37) 



Case II Let us assume 



y = £ x n r. (2.38) 

»=o 



Recalling that £f = 1 + <£>(/) one immediately finds Ao = 1 . Taking into account that P = l/G from 
off-diagonal components of energy-momentum tensor we find 



<p2 G/ = b 2 G 2 (2 39) 



In view of (12.391) equation (|2.22al) now reads 

,6 



+/)G/ = G. (2.40) 

'X 

The system (12.391 ) and (12.401) possesses a large number of solutions. One of the simplest solu- 
tion is 

*l = T> A2 ^ ' ^>2 = 0- (2.41) 
o 

In this case we get 

/=-— = -D 2 (l+C| 1 +C 3 2 1 ). (2.42) 
x 

Case with minimal coupling 

Let us now consider the case with minimal coupling. In this case we have £f = l/P = 1. 

The purpose of this study is to clarify the role of interaction in isotropization process. From the 
off-diagonal components of energy-momentum tensor in this case we find 

AiA 2 = A 2 A 3 = A 3 Ai = 0. (2.43) 
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From (12.431) follows that at least two of the three components A; are constant, which means only 
one of the components of F^ v is nonzero. Let us assume that A\ = A ^ 0. In this case we have 

T 0=(^ + h 2 e- 2 PAe- 2a , (2.44a) 



2 2 

-2a 



T{=[--^- + 2 A e ) e > (2.44b) 



T 2 = (_|> _ h 2 e- 2 ^e- 2a , (2.44c) 



2* = (_|> _ l A 2 e -2 P ^ e -2a (2 44d) 

In view of A 2 = A3 =0 from the electromagnetic field equations in this case we have 

A = C J e 2 P l dt+C u A 2 = const, A 3 =const., (2.45) 

with C and C\ being some arbitrary constants. Einstein field equations in this case take the form 

a - a 2 + ft 2 + ft 2 + ft 2 = -|c 2 e 2ft + x^, (2.46a) 

ft ^C** 2 * (2.46b) 

ft = |cV\ (2.46c) 

ft = -CW (2.46d) 

In view of coordinate condition for a we find 

a = ^C 2 e 2pl . (2.47) 



From (I2.46bl) . (|2.46cl) and (|2.46dl) immediately follows that in the case in question, no 
isotropization process takes place. From (I2.46bl) one finds the following expression for jSi: 

2t) 2 1 

e 2Pl = ~k — 7T7 7' ^ = const ' Vo = const ( 2 - 48 ) 

Inserting <? 2 & into (I2.46cl) . (I2.46dl) and (12.471) one finds 

e 2a = e 2k = e 2fc = CQsh 2 ^ o _ ^ (2 49) 

From (12.481) and (12.491) we get 

a = -ft = ft = ft = -7]tanh(yA - 77?) . (2.50) 
Inserting (I247T) . (12481) and (l230l) into (I2.46al) we find 

7?2 = ^o (251) 
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Thus the system with minimal coupling is completely solved. It is shown that in the case 
concerned, no isotropization process takes place. 
Case in absence of gravitational field 

Let us consider the case when the influence of the gravitational field is not taken into account. 
In this case we have a — j8i = ft = ft = 0, i.e., the space-time is flat. For the scalar field in this 
case we have 

<i> 2 = fL (2.52) 

whereas for the electromagnetic field we have 

A + <^P/A = 0. (2.53) 

Unlike the case with gravitational field, now there is no restrictions imposed on P(I). If set, 
P = Xl n , where / = A 2 we now have 

A + ^XA 2 "- 1 =0. (2.54) 
In this case n may take any value, with n = 1 giving the Fock-Proca type equation. 



III. CONCLUSION 

Within the framework of Bianchi type-I cosmological model we studied the evolution of the 
initially anisotropic space-time in presence of an interacting system of electromagnetic and mass- 
less scalar fields. We consider the case when the Lagrangian density of electromagnetic field was 
given as a sum of Maxwellian part and the one explicitly depending on scalar invariant (<p ; ^<p ; ^) 
and the invariants / = A^A^, that was expressed as power law function. It was shown that the 
model allows a set of partial solutions, a few of which is described explicitly in this paper. 

In case of interacting electromagnetic and scalar fields on account of gravitational one, the 
Fock-Proca type equation with induced massive-term was obtained. It was shown that only in case 
of interacting material fields the isotropization process takes place. 

It is shown that introduction of gravitational field, depending on the concrete form of metric, 
imposes additional restriction to the components of the vector potential. 

In case of minimal coupling the isotropization process remains absent. 
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